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Abs tract  

In this article, the seismic shakedown FEM analysis of reinforced concrete and composite 
spatial frame structures on the deformable foundation, taking into account the elastic-
plastic and brittle behavior of structures elements, is presented. A foundation consists of 
group of the piles in the soil. The behavior of soil is described here using+ the elastic half-
space theory. The pile deformation model is assumed to be elastic-perfectly plastic, where 
the bearing capacity is determined by the results of testing the soils or the piles themselves. 
An example of seismic shakedown limit analysis is presented. 
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1. INTRODUCTION 

There are many different technics to consider soil-structure interaction [1]. As 
usually, design of structures for earthquake resistance considering soil-structure 
interaction is very complicated problem requiring a sufficiently long computation 
time and having a large number of uncertainties and assumptions [12-16]. As an 
alternative, the shakedown [17-19] seismic analysis of structures, taking into 
account the elastic-plastic and brittle behavior of their elements, was presented in 
the work [2]. In this article, such seismic shakedown analysis of structures is 
proposed to be performed taking into account the soil-structure interaction.  
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The stiffness matrix representing the soil part of the soil-foundation-structure 
interaction system has been calculated based on the elastic half-space theory. The 
pile deformation model is assumed to be elastic-perfectly plastic, where the 
bearing capacity is determined by the results of testing the soils or the piles 
themselves. 

2. MATHEMATICAL MODEL 

2.1. Mathematical formulation of optimization problem  
The problem of load-bearing capacity of structures made of perfectly elastic-
plastic and elastic-brittle elements taking into account soil-structure interaction, 
under variable actions is formulated as follows. Find a parameter (safety factor) 
μ for load F, as well as the vector of residual forces such, that 

, (2.1)

( ) ( ( ))eS t f F t , (2.2)

0d
s pK q K E d 

, (2.3)

0,( ( ) , )  0e r
pl p plS t S S  

, (2.4)

0,( ( ), )  0e
br pl iS t S

,    bri I ,  (2.5)

,( ( ) ( ), )  0e r
pl pile pile pile plN t N q N    (2.6)

( ) ( ( ), )jF t F t t
, (2.7)

where Se, Sr are the vectors of elastic and residual internal forces in the cross 
sections of elements; S0,pl, S0,br - vectors of limit internal forces in the cross 
sections of elastic-plastic and elastic-brittle elements accordingly; Ne

pile, Nr
pile - 

vectors of elastic and residual normal forces acting on the piles; Npile,pl - vectors 
of limit internal forces in the piles equal to bearing capacity of the piles; d - a 
vector of distortions in the elements; F(t) - a vector of load; Ibr - set of i-th brittle 
elements; () - set of loads F(t), t - time; Ks – soil stiffness  matrix linked with 
structural part; q - vector of unknowns of FEM (usually as element 

max 
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displacements), Kd - matrix of influence of distortions d on the reaction of finite 
elements; Ep – matrix of partial redistribution of residual forces Sr [2], 

1 if plastic element
Diag

0 if brittle element and ( ) 0,
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2.2. Mathematical formulation of optimization problem  
For elastic-plastic element we observed some ductility. And for an elastic-brittle 
element we considered sudden collapse. 
The inequality constraint (5) in the case of brittle damage, for instance, due to 
normal or shear forces may be written consequently as 

 (2.9)

 = shear force in the element;   = shear resistance of the element;  = 

normal force in the element; = normal force resistance of the element 
according to N-M interaction diagram. 
No additional conditions other than (5,9) are required for hinges with force-
controlled actions (N,V) [3]. 
We considered curvatures/rotation angles in sections of elements as distortions d. 
Furthermore, we can also limit deformations in plastic hinges with deformation-
controlled action (M). For this we add the additional inequality constraint: 

 (2.10)

where θe = a vector of elastic rotation angles in sections of elements; θpl= a vector 
of plastic rotation angles in sections of elements. 

  

Fig. 1. Moment-rotational angle diagram for 
plastic element 

Fig. 2. Shear force-displacement 
diagram for brittle element 
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3.1. Soil behaviour  
The stiffness matrix representing the soil part of the soil-structure interaction 
system has been calculated based on the half-space theory [4]. Then the soil 
stiffness matrix is linked with the structure part and the response of the entire 
system under the prescribed loads or distortions is calculated.  
For point loads P acting on half-space (Figure 3(a)) or within the half-space 
(Figure 3(b)), accordingly for pile foot forces or pile skin friction forces, vertical 
stresses σz are computed according [5]. With the known stress state and known 
material properties of the half-space it is possible to compute the vertical strains 
εz(z). Corresponding vertical displacement (settling) of the soil point at the depth 
z is obtained by integrating strains from zmax (e.g. rigid boundary) up to the level 
z. 

 
Fig. 3. Stresses in vertical direction σz under a center point of the circular pressure load 

σo acting on the half-space surface 

The pile deformation model is assumed to be elastic perfectly-plastic, where the 
bearing capacity Rc,d(Npile,pl) is determined by the results of testing the soils or the 
piles themselves (see Figure 4). 
Some attention should be paid to determining the dynamic deformation modulus 
of the soils for a more realistic simulation of the interaction of the soil-structure 
under seismic action. 

 
Fig. 4. Normal forces-displacement diagram for the pile 
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3. EXAMPLE OF SHAKEDOWN ANALYSES OF COMPOSITE 
FRAME 

3.1. FEM model  
An example of shakedown analysis of spatial composite steel-reinforced concrete 
braced frame with elastic-plastic and elastic-brittle elements considering soil-
structure interaction is shown in Figure 5. 

 

 

Fig. 5. Model of the frame with pile foundation Fig. 6. Live load on the structure 

3.2. Seismic action and load combinations  
The first step is to define the envelope of internal forces from arising seismic 
action in elastic stage of work. Seismic action is presented in the form of an elastic 
response spectrum. For this we use type 1 elastic response spectrum for ground 
type D, given in Eurocode 8. Peak ground acceleration is equal  
0.55 m/s2. We do not use the behavior factor for the calculation, since the 
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nonlinear properties of materials are taken into account directly [6]. The natural 
frequencies and vibration modes for calculating the response of the structure are 
given in Table 1.  
Response of structure to earthquake excitation we can compute as follows: 
1. Define the structural properties 

- Determine the mass matrix m and the stiffness matrix k 
- Estimate the modal damping ratios ζn (was accepted at a rate of 5% in this 

example) 
2. Determine the natural frequencies ωn and natural modes φn of vibration 

(table 1) 
3. Compute the peak response in the n-th mode: 

- Determine An (acceleration ordinate) and Dn (displacement ordinate) from 
the response or design spectrum corresponding to natural period Tn and 
damping ratio ζn 

- Compute the displacements with ujn = Γn ϕjn Dn 
- Compute equivalent static forces fn from fjn = ΓnmjϕjnAn 
- Compute the story forces, shear and overturning moment, and element 

forces, bending moments and shear, by static analysis of the structure 
subjected to lateral forces fn 

4. Determine an estimate for the peak value r of any response quantity by 
combining the peak modal values rn according to square root of the sum of 
the squares (SRSS) or complete quadratic combination (CQC). 

For each critical load and action cases, the design values of internal forces were 
determined by combing action for seismic design situation in according with 
Eurocode 0 [7]:  

 ,sup ,inf 2, ,kj kj ed i k iEd G G A Q  
 

(3.1)

Gkj,sup(Gkj,inf) = unfavourable (favourable) characteristic of permanent action (see 
Figure 3), Aed = design seismic action, ψ2,i = factor by A1.2.2 [7], Qk,i = 
accompanying variable actions. 

3.3. Material and element properties 
Design model is shown in Figure 5, the cross-sections of the frame elements are 
exposed in Table 1; strength class for concrete is C35/45. 
Design value of the element (section) resistance was determined according to 
Global Resistance Factor method described in Fib Model Code 2010 [8]: 

Rd  = R(fcR , fyR, fuR)/γR, (3.2)
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where γR=global safety coefficient is equal 1,3; fcR = 0,85 ⋅ α ⋅ fck; α=1; fyR = 1,1; 
⋅ f yk, ftR  = 1,08 ⋅ fyR. 
The concrete stress-strain diagram is assumed to be parabolic according to 
Eurocode 1992-1-1, but modified for use in non-linear ULS calculations. The 
steel stress-strain diagram is assumed to be bilinear, modified for nonlinear 
calculations in ULS. Modified material stress-strain diagrams are shown in the 
Figures 7, 8. 
For high intense earthquake, if speed of increasing compressive stresses or strains 
is at a constant range of approimately 1 MPa/s < |σc| < 107 MPa/s and 30∙10-6 s-1 
< |εc| < 30∙10-2 s-1, we can use provisions given in subclauses 5.1.11.2.1 of Model 
Code 2010. With their help, we can take into account stress and strain rate effects. 
The plastic moment capacity of all composite concrete members was calculated 
by moment-rotation (curvature) analyses according to [9]. The moment-rotation 
curve can be idealized with an elastic perfectly plastic response to estimate the 
plastic moment capacity of a member's cross-section [10]. The plastic moment 
capacity for members’ cross-sections have shown in Table 2.  
For columns, it is necessary to take into account the possibility of both brittle 
fracture due to crushing of concrete and plastic failure due to yielding of the 
tension reinforcement. For this purpose, we need to build the N-M interaction 
diagram for elements under compression and bending. The interaction of N-M is 
taken into account both in moment-rotation (curvature) analyses of the plastic 
moment capacity and in the solution of the optimization problem as a condition 
for brittle fracture (2.9). 

 

Fig. 7. Stress-strain diagram for steel for 
analysis in ULS 

Fig. 8. Stress-strain diagram for concrete  
for analysis in ULS 
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Table 1. Sections of frame members  

№ Section 
b(D), 
mm 

H, 
mm 

Longitudinal 
reinforcement, class 

Steel 
section, 

class top bottom 

1. 

 
Beam 

400 600 
3Ø16, 

B500B 
4Ø16, 
B500B 

 

2. 

 
Column 

400  
4Ø16, 

B500B 
 

RO 377x6, 
S235 

3. 
 

rod brace 

    
HE100A, 

S275 

Table 2. The plastic moment capacity for members’ cross-sections 

Number of cross-
section in Table 1 
(axial force N, kN) 

The plastic moment capacity 
Mp for positive moment, 
kN·m 

The plastic moment 
capacity Mp for negative 
moment, kN·m 

1 192 146.5 
2 (-574) 284 284 
2 (-197) 276 276 

Transverse reinforcement of all concrete beams is made from bars Ø8 B500B 
at 200 mm (Figure 4). Resistance of the concrete beams to vertical shear designed 
in according with Eurocode 2 [11]. Design shear capacity VRd,s is equal 226.7 kN. 
Resistance of the composite columns to vertical shear designed in according with 
Eurocode 4 [9]. The distribution of the total vertical shear VEd into the parts Va,Ed 

and Vc,Ed, acting on the steel section and the reinforced concrete core of the 
composite columns respectively assumed to be in the same ratio as the 
contributions of the steel section and the reinforced concrete core to the bending 
resistance Mpl,Rd (see Table 3). Envelope diagram of shear forces is shown in 
Figure 5. Some structural drawings and views of the frame illustrated in 
Figures 9,10. 
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Table 3. Shear resistance of composite column 

Part of section 
Shear 
 resistance, VRd , 
kN  

Bending 
resistance Mpl,Rd , 
kN·m 

Shear force (max) 
VEd , kN 

Concrete core  296 102 30.2 

Steel tube 630 202 60.4 

 

Fig. 9. Structural drawings of the frame joint 

 

Fig. 10. View of the frame joint 

3.4. Material and element properties 
Envelope diagram of shear forces is shown in Figure 11. Envelope diagram of 
elastic bending moments is shown in Figures 13,14.  
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To solve the optimization problem first we have to find independent residual 
forces from the residual distortions (curvature) kr in cross-sections of the elastic-
plastic elements.  
By solving nonlinear optimization problem as sequence of linear programming 
tasks, we obtain the solution of optimization problem. Interaction between the 
moment capacity and the axial force (see Figure 12) was taken into account for 
the second iteration and the safety factor for load μ = 1,19 was obtained. 
The results of shakedown analysis are presented on Figures 15, 16 and they 
compared with elastic analysis (without safety factor) in Table 4. The results of 
optimization of normal forces in the piles are presented on Figure 18 and forces 
in elastic stage are presented on Figure 17 for compare. Shakedown analysis 
shows us redistribution of moments from the side to the center section of the 
bottom (at the first floor) beam that makes better use of their load-bearing 
capacity. 

  

Fig. 11. Envelope diagram of shear forces 
(max value), kN 

Fig. 12. Envelope diagram (min value) 
of axial forces, kN 
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Fig. 13. Envelope diagram (min value) of 
“elastic” bending moments, kN·m 

Fig. 14. Envelope diagram (max value) 
of “elastic” bending moments, kN·m 

Table 4: Comparsion of results 

Result Elastic Analysis 
Shakedown 
Analysis (safety 
factor 1.19) 

Moments in the bottom column Mmax, 
kN·m 

149.3 169 

Moments in the bottom column Mmin, 
kN·m 

-140.9 -177.3 

Moments in the center of bottom beam 
Mmin, kN·m 

-74.1 -89.7 

Moments in the right side of bottom beam 
Mmin, kN·m 

-114 -192.1 
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Moments in the right side of bottom beam 
Mmax, kN·m 

161.4 146.5 

Normal forces in piles  Nmin, kN -105 -110 

Moments in the bottom column Mmax, 
kN·m 

149.3 169 

  

Fig. 15. Envelope moments diagram 
(max value) after limited plastic 
redistribution of forces, kN·m 

Fig. 16. Envelope moments diagram (min 
value) after limited plastic redistribution 

of forces, kN·m 

4. FLOWCHART OF SEISMIC SHAKEDOWN ANALYSIS 

Summarizing the above calculations, we can compose a general sequence of 
seismic shakedown analysis. General flowchart is shown on Figure 19. 
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Fig. 17. General flowchart of seismic shakedown analysis 

5. CONCLUSIONS 

The shakedown FEM analysis of reinforced concrete and composite spatial frame 
structures on the deformable foundation allows estimating the guaranteed reserves 
of seismic load bearing capacity of constructions. The elastic-plastic and brittle 
behavior of structures elements as well as elastic-perfectly plastic behavior of the 
piles in the soil produce the nonlinear response of systems. The proposed here 
method will be further generalized to account for the random and uncertain 
properties of the actions, loads and design parameters of structures.  
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PRZYSTOSOWANIE UKŁADU „PODŁOŻE GRUNTOWE-PALE-RAMA” PRZY 
ODDZIAŁYWANIACH SEJSMICZNYCH 

S t r e s z c z e n i e  

W niniejszym artykule za pomocą metody elementów skończonych przedstawiona analiza 
przystosowania sejsmicznego przestrzennych układów ramowych na podłożu 
odkształcanym, biorąc pod uwagę sprężysto-plastyczne i kruche zachowanie elementów 
układu. Podłoże składa się z grupy pal w gruncie. Grunt zachowuje się jako sprężyste 
ciało półprzestrzenne. W modelu odkształcenia pali założono zachowanie idealnie 
sprężysto-plastyczne, a nośność graniczna pali określa się na podstawie wyników badań 
podłoża lub samych pal. Przedstawiono przykład przystosowania sejsmicznego dla 
opisanego wyżej układu ramowego. 

Słowa kluczowe: oddziaływania sejsmiczne, przystosowanie, ramy na podłożu 
odkształcanym, pali, sprężysto-plastyczne i kruche elementy 
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